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ABSTRACT

This is an interim report which summarizes work during the
past six months on a theoretical study of some aspects of the
interaction between a drifting stream of electrons with transverse
cyclotron motions and an electromagnetic field. Particular emphasis
is given to the possible generation and amplification of millimeter
waves, This report includes a discussion of two aspects of the
theory of cyclotron resonance oscillators. First, the start oscil-
lation conditions for a cyclotron resonance oscillator are discussed
using the results of digital computer calculations based on a small
signal, -coupled mode theory of the devlice. Second, the formulation
of a large signal analysis of the cyclotron resonance oscillator
to explore those factors which determine the saturation power output

and efficiency 1s discussed.
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I. INTRODUCTION

The objective of thils research program is to explore theoretil-
cally some aspects of the Iinteraction between a drlifting stream
of electrons having transverse cyclotron motlons and an electro-
magnetic field; particular emphasis being given to the possible
generation and amplification of millimeter waves. Because of the
interest in possible applications to millimeter wavelengths, this .
study concentrates on electron stream=-electromagnetic field inter-
actions which involve an uniform, or fast-wave, circuit structure or
a cavity of simple shape.

This report discusses two aspects of the theory of the cyclotron
resonance oscillator based on the model of a spiraling filamentary
electron beam drifting through a rectangular cavity of square cross
section. In Section II, the start oscillation conditions for the
cyclotron resonance oscillator are summarized. This discussion 1s
based on a small signal, coupled mode analysisl’6 and presents
results of fairly extensive calculations. Section II is essentially
the text of a paper, "Start Oscillation Conditions for Cyclotron
Resonance Oscillators," by P. R. McIsaac and J. F. Rowe, Jr., which
was presented at the Eighth International Conference on Microwave and
Optical Generation and Amplification, September 1970, in Amsterdam
(MOGA T70).

Section IITI discusses some aspects of the formulation of a
large signal analysis of the saturation effects in cyclotron
resonance oscillators. A digital computer program has been developed

to provide numerical results for typical parameter values for the




syclotron resonance oscillator in order to explore those factors which
determine the saturation of the power output and the resulting

osclllator efficliency.



IT. START OSCILLATION CONDITIONS FOR CYCLOTRON RESONANCE 0SCILLATORS"

A. Introduction

The cyclotron resonance oscillator utilizes the interaction
between the electromagnetic fields of a cavity and a spilraling elec-
tron beam drifting through the cavity along a longitudinal magnetic
field. The interaction can produce an oscillation at a frequency
close to the relativistic cyclotron frequency of the electrons. This
paper describes the use of a small signal, coupled mode analysis to
determine the start oscillation conditions for the cyclotron reson-
ance oscillator. The dependence of the start oscillation beam current
on the loaded Q and dimensions of the cavity, and on the d-c magnetic
flux density Bo is discussed for typical beam and cavity parameters.

The model employed for this analysls assumes a spiraling fila-
mentary electron beam drifting through a rectangular cavity of square
cross section (height = width = a) with its length L adjusted so that

the TE resonant frequency is close to the cyclotron frequency.

101
Relativistic effects are included in the analysis; that is, magnetic

as well as electric forces on the electrons are considered, and de-
pendence of the electron mass on the veloclity is included. Space
charge forces are neglected. For the physical details of experimental

cyclotron resonance oscillators, reference may be made to the

literature.2’3’u’5

B. Coupled Mode Theory
A coupled mode theory for the interaction between a spiraling

filamentary electron beam and the electromagnetic fields of an uniform
6

waveguide was reported previously, The cilrcult has four waves

#Text of paper presented at Eighth International Conference on Micro-
wave and Optical Generation and Amplification, September 1970,
Amsterdam.
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(positive and negative circularly polarized waves in both the forward
and reverse directions), while the electron beam has six waves. The
beam waves can be labeled by thelr characteristic form in the limiting
case of a stralght filamentary electron beam: two cyclotron waves,
two synchronous waves, and two (degenerate) space charge waves. It
was found that significant interaction occurs between six of these
waves; the forward and reverse, positive circularly polarized, circuit
waves, and the two cyclotron and two degenerate space charge waves of
the electron beam.

Flgure 1 shows the w-B diagram for these silx waves in the
coupled system. It should be noted that the curves for the two
circuit waves and the two cyclotron waves have been shifted horizon-

tally by nB8 this simplifies the form of the coupled mode equations

e’
and their solutions in the spiraling electron beam case. Here,
n=(1- (VO/c)z);é and 8, = wc/voz, where w, = eBo/mO is the non-
realistic cyclotron frequency. Note that there is a pair of waves with
complex conjugate propagation constants 1n the coupled system at both
the lower and upper intersection points of the uncoupled system. How-
ever, 1t is found that amplification or oscillation occurs only in

the neighborhood of the upper intersection polnt. The start oscil-
iation calculations are based on this coupled mode theory which is
applied to the one-port amplifier shown in Figure 2. The interaction
space is a half wavelength cavity shorted at the right, through which
the spiraling electron beam drifts from left to right. On the left,

an input wave F;i which is positive circularly polarized relative to

Bo is incident on the interaction region, and the output circuit wave
G;09 also positive circularly polarized reltaive to B03 propogates to

the left. The various cilrcult and beam parameters are adjusted until

4



WA
R
\\
N
1
\ |
| —
P— F:*-‘ LN - —~— Eadimdad -
s< -~ - e
l Y 2 N
vy ! 1 a
v ! [
. ./ TN L/
\ ‘
. Cro [ ,
ﬁt&}c |
: . .
Weo «
L —
: | |
O IB . ) - :
. 4 . , B -
y . M e ) : fg Figure 2. Schematic Diagram of a
Migure 1. w~g diagram for interaction cyclotron resonance oscillator.
between a spilraling filamentayy e}ec~ : :
tron beam and a wavéguide. Fp, Gy are
positivewcirgularly palarized circuit /
waves; Py, P_ are beam cyclotron waves;
V, W dre beam (degenerate) space charge .
waves. : ‘
.
bl ," v
F
" 4
A \ s K [ ) N

S P S - L ; o R



the amplifier gain G;O/F;i is infinite; this determines the start
oscillation condition.

The electron beam parameters are the normalized axial and
transverse velocities, o = voz/c and ¢ = nwcrg/c (where r, is the d-c
beam radius), and the d-c¢ beam current IO. The cavity parameters,
in addition to L and a, are QO, Qx’ and QL. Losses in the cavity
walls are included, with QO adjusted to account for copper walls. In
this model Qx is varied by changing the assumed characteristic
impedance of the output waveguide.

The general form for the solution of six coupled mode equations
is known. For a given set of parameter values, a digital computer is
used to evaluate the propagation constants for the coupled waves (in
the neighborhood of the upper intersection point on the w-8 diagram)
and to evaluate the wave amplitudes and phases which are fixed by the
boundary conditions. Then the computer calculates the gain G;o/F;i’
for the one-port amplifier. The parameter values that must be chosen
nf

are o, , a (or fco)’ Q L and IO. For each set of these

o’ C,

parameters, palrs of values for QX and the start oscillation frequency
fso are successively guessed and the gain is calculated. When a pole
in the gain 1s achieved (in practice a gain in excess of 100 is
accepted), the set of parameter values is taken to be the start
oscillation condition. Although this is trial-and-error procedure,
the parameter range for oscillation is limited, and experilence enables
start oscillation conditions to be attained within a few tries. Thus,
in practice the procedure is rapld and not expensive in computer time.

For a given value of the d-c magnetic field there 1s only a

limited range of cavity length which will produce oscillation. It is




possible to optimize the combination of nfe and L for fixed values of
the other parameters to produce start oscillation for the minimum

QL‘ In general, this optimization was not attempted in this investi-
gation. Most of the calculations were made with a cavity length L
such that the cavity TElOl resonance occurred at a frequency fo = 1,01
fc. However, it became apparent in the study that a more optimum
value would have been with L such that fo = 1,005 nfc, and some data
were taken with this value.

All of the data presented in Figures 3 through 7 are for o = 0.01,

r = 0,20, and foo = 9 CGHz (a = 1.6655 cm).

C. Start Oscillation Conditions

Figure 3 shows the start oscillation beam current IO versus QL
with L/a as a parameter for fo = 1,01 nfc. Note that the various
curves are nearly straight lines. It 1s found that in the range

0.9 < L/a < 1.5, I_varies approximately as 1/QL in agreement with

o}
experiment.5 For L/a < 0.9, IO decreases more rapidly, and for

L/a > 1.5, Io decreases more slowly than l/QL. Limited calculations
of Io versus QL for a cavity with fco = 90 GHz gave results which
coincided with the curves shown for fco = 9 GHz. It is presumed that
the results obtained here can be scaled throughout the microwave and
millimeter wavelength range.

The influence of the axial veloclty parameter ¢ was briefly
examined. For Io = 1,0 mA, L/a = 2.2, and ¢ = 0.20, calculations for
o = 0.02 and 0.03 were made. It was found that for o = 0.02, the
start oscillation QL was 1ncreased by a factor of five, while for

¢ = 0.03, no start oscillation condition could be achieved. Thus, we

conclude that the start oscillation conditions are a sensitive



function of the axial drift velocity.

Figure 4 shows the start oscillation current IO versus QL for
the same beam and cavity parameters as Figure 3, but with fo = 1,005
nfC. Note that the general shape of the curves is similar to the
previous figure, but the curves are shifted to lower values of QL.
These curves, together with other calculations, indicate that this
combination of L/a and nfc is nearly optimum.

For reference, Figure 5 shows the variation of the start oscil-
lation frequency with cavity length, plotting fso/fCo versus L/a.
This curve is only approximate, since there is some frequency pushing
as IO is varied, and also the oscillation frequency shifts slightly
as nfC is varled at fixed L/a. However, these effects are negligible
on the scale of this figure. Note that start oscillation calculations
have been made over a frequency range of about three to one.

Figure 6 shows curves of L/a versus QL at start oscillation with
the d-c beam current IO as the parameter for fo = 1,01 nfc. For
IO ; 0.5 mA, there 1is an optimum value for L/a for which the QL at
start oscillation 1is minimum. For IO = 0.1 mA, start oscillation con-
ditions are obtained only for 0.5 ~ L/a ~ 3. For Ioﬁi 0.8 mA, there
is apparently no optimum value for L/a, and as L/a is increased, QL
for start oscillation decreases monotonically. Thus at a d-c beam
current between 0.5 and 0.8 mA, the character of the curves changes.

Figure 7 shows curves of L/a versus Q. at start oscillation for

L
fo = 1,005 nfc. Note that these curves are shifted upward toward
higher values of QL compared to the curves in Figure 6. This again
indicates that this combination of L/a and nfc i1s more nearly optimum
for start oscillation of the cyclotron resonance oscillator at a

given d«c¢ beam current,
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A1l the curves in Pigure 7 show a monotonic decrease of Q& as
L/a is increased. That is, no optimum value of L/a exists, at least
for 0.1 = IO 1.0 mA, and these curves are all similar to the curves
in Figure 6 for the larger beam currents I, R 0.8 mA. This suggests
that the change in the character of the curves in Figure 6 as the d-c
beam current is decreased 1s caused by the non-optimum combination of
L/a and nfc. For the optimum combination of L/a and nfC9 start
oscillation can presumably be achleved down to low values of QL for
low values of d-c beam current by increasing L/a; that is, by operating
close to the cutoff frequency fco of the waveguide. Reference to the
coupled mode theory6 shows that the coupling parameter involves the
wavegulde impedance which approaches infinity at fco for TE modes.
However, if the combination of L/a and nfc is not optimum, then the
range of beam currents for which start oscillation at low values of
QL can be achieved is limited. In this case one finds & beam
current level below which only a minimum value of QL can be obtained
at‘a finite value of L/a, as shown by the curves in Figure 6 for
IO X 0.5 mA. There is some indication that the start oscillation
conditions may change for very large values of L/a, but this has not
vet been explored.

The sensitivity of the start oscillation frequency to the d-c
beam current can be determined by comparing the start oscillation fre-
quency fso to the upper intersection frequency fu on the w=8 diagram

for the beam-circuit system in the limit of zero coupling. It is

found that for the optimum combination of L/a and nf, (i.e.,

£ = 1.005 nf_ ),

. Af] % 0,002 £,» where of = 7

- - . value
56 fu’ For large wvalues

PO > L ., . . .
of L/a (e.g., L/a & 3), Af 1s positive and decreases with increasing




heam current,

creasing beam current:

values of L/a and negative for sm

estimated that a value of L/a between 2.5

For smaller values of
in this range

all

L/a, af increases with in-

5

o
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and 3 will produce g start

oscillation frequency that is approximately independent of the d-c

beam current in the range from 0.1 to 1.0 mA,
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ITT. LARGE SIGNAL ANALYSIS OF THE CYCLOTRON RESONANCE OSCILLATOR
A, Oscillator Model and Assumptions
The model of the cyclotron resonance oscillator adopted for the
large signal analysis is similar to the one used for the small signal
analysis of the start oscillation conditions. A spiraling filamentary
electron beam is assumed to drift through a rectangular cavity of
square cross section. The oscillator output is taken at the cavity
end where the electron beam enters (see Figure 2). Several of the
simplifying assumptions that have been made are listed below.
1. The cavity walls are perfectly conducting, so the cavity
1s lossless.
2. The electron beam is filamentary, and space charge forces
are neglected.
3. The electron beam is assumed to be mono-veloclity at any cross
section (although both the d-c and a-c beam velocity may
vary axially along the interaction cavity).
b, The electron beam orbiting radius is much less than the
cavity transverse dimension.
5. The transverse electromagnetic fields in the cavity, both
homogeneous and inhomogeneous components, are assumed to
vary sinusoldally across the cavity, and only interaction
with the lowest resonant mode of the cavity is considered.
Within the interaction cavity, the basic equations for the
system are:

anwm=-—+u~g%a (1)

14



vl - 2 28 o kg (2)
02 8t2 ’
d - v 3 e = = = = e
EE{ P 2,42\1/2} T T m (B + uoVXH * uOVXHOJ' (3)
(1 = v/c™) o]

Here, é and H are the a-c electromagnetic filelds of the interaction
cavity, HO 1s the axial d-c magnetic field which determines the
electron beam cyclotron frequency, o and J are the electron beam
charge and current densities, and v is the electron beam velocity.
Note that relativistic effects are included in Equation (3); mg is the
electron rest mass and e is the magnitude of the electron charge.

The boundary conditions for the system are the following: a) the
electron beam enters the interaction cavity unmodulated (the a-c
values of op, 3, and v are zero at the electron beam input), b) the
tangential electric field at the collector end of the cavity is zero,
and c¢) the transverse values of the electric and magnetic fields at
the cavity output (the cavity end where the electron beam enters)
must be consistent with the power output of the oscillator.

To solve the equations for the electron beam - cavity inter-
action, it 1s assumed that the oscillator has reached a steady state,
and that the oscillator output consists of a periodic signal composed
of a strong fundamental frequency component (close to the cavity
resonant frequency and the electron beam cyclotron frequency) plus
the harmonics of the fundamental frequency. A digiltal computer is
used to integrate the equation of motion, Equation (3), through the
interaction cavity from the electron beam input to the collector.
Since this integration 1s done numerically in finite steps, the

electron beam 1s decomposed into a series of discrete charge groups,
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and eight charge groups per r-f{ cycle have been used. It was found
that in order to obtain a stable solution, the axlal step length
along the cavity for the integration must be a small fraction of the
electron beam d-¢ helix pitch. PFor a step length corresponding to
1/800 of the d-c helix pitch the electron beam was found to be stable
indefinitely, and the cumulative error in the d-c beam parameters for
no r-f interaction was about 0.1% for a total length of U0 d-c beam
cycles (this corresponds to the typlcal cyclotron resonance oscillator
length). Increases in step size resulted in rapid error growth., It
is anticipated that all computing runs will be done with this step
length of 800 per d-c¢ beam cycle,

To solve the equations for the electromagnetic fields, Equations
(1) and (2), the fields are expressed as a Fourier series consisting
of the fundamental oscillation frequency and its harmonics. Further,
the fields are divided into two parts: the homogeneous fields (at
the fundamental frequency only) which are solutions to the homogeneous
part of Equations (1) and (2) and représent the ordinary standling-
wave filelds for the lowest cavity resonant mode; and the inhomogeneous
fields (these include components at the fundamental frequency and its
harmonics) which are the solution to the inhomogeneous parts of
Equations (1) and (2) with the electron beam charge. and current
densities as the driving terms.

The solution procedure can be described qualitatively in the
following way. The splraling electron beam enters the cavity and is
acted on by the homogeneous r-f electromagnetic fields. As a result,
the electron beam becomes distorted in form as position modulation

appears. A Fourier analysls of the beam variables is performed at

16



veriodically spaced axial intervals, and based on certain "slowly
varying' assumptions on the Fouriler coefficients, approximate closed-
form expressions for the Inhomogeneous flelds can be generated. These
fields are fed back into the equations of motilon for the charge groups
so that they can be integrated along the length of the cavity.

An initial guess must be made of the oscillator power output and
the fundamental oscillation frequency for a given set of electron
beam and cavity parameters. If this guess is correct, then the
solution procedure will yield an axial location (about a half wave-
length along the cavity) at which the homogeneous electric field and
the inhomogeneous electric field combine to give a null. At this lo-
cation, then, the collector end wall of the cavity may be placed,

and the boundary condlitions satisfied.

B. Computer Program Flow Diagram

The computer program flow diagram is shown in Figure 8. 1In order
to minimize the running time for the program, the inhomogeneous
electromagnetic field coefficients are not adjusted at each axial
Integration step. Rather, they are updated once each d-c electron
beam cycle. This is justified by the observed result that for all
the parameters tried so far, the inhomogeneous flelds are much smaller
than the homogeneous fields over all the cavity length except for the
region adjacent to the collector wall. Therefore, small errors in
the inhomogeneous fields used for integrating the equations of motion
for the charge groups will produce little error in the solution.

The electron beam and cavity parameters to be investigated have
been chosen to approximate those used by Kulke in hls experimental
cyelotron resonance os&illatora7 These parameters are listed in

Table 1.
17
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TABLE 1. Cavity and Electron Beam Parameters

Cavity: length = 2,14 cm
crogs section = 2.29 x 2.29 cm
Beam: d=c current = 5.5 mA

axial drift velocity = 0.01813c¢c
(84 volts axial energy)

transverse velocity = 0.2356¢c
(15 kilovolts transverse energy)

axial magnetic field = 3439 gauss
orbiting frequency = 9.352 GHz
orbiting radius = 0.120 cm

cavity length in d-c beam cycles = 37.75
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